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Abstract

This is Part I of a seriesof four articles on high frequency electron surfacewaves in unmagnetized

bounded plasmas. In this article, the electromagnetic dispersion for slow phase velocity surface

waves in the planar cold plasma homogeneousmodel is derived analytically. Interestingly, the

electromagneticcalculation and the electrostatic limit predict di®erent long wavelength behavior for

natural wave modesbut are degeneratefor short wavelength modes. The relationship of the electron

seriesresonanceto surface wave modes is explored. For plasmaspossessingunusually wide space

chargesheaths,backwards wave modesare predicted. The modesmodeledhereare analogousm = 0

and m = 1 Trivelpiece-Gouldmodes in a cylindrical column [1].



1 In tro duction

The presenceof bounding walls can dramatically alter the behavior of a plasma. This seriesof

four articles exploresthe linearized behavior of surfacewavesin unmagnetizedboundedplasmas. A

plasma surfacewave is characterized by having ¯elds concentrated near the boundariesof a plasma

where the sheath is located. Emphasis is placedon planar models in thesearticles as planar surface

wavesmay be driven to sustain large-areaplasmas;such surfacewave plasmasare a promising next

generationlarge-areasources.The literature sometimesrefersto thesesurfacewavesassheathwaves

or as edgewaves.

The models developed here may also be applied to dielectric-on-metal surfacewavesinteracting

with a plasmabut thesearticles are primarily concernedwith plasma-sheathsurfacewaves. Plasma-

sheath surface waves exist in metal bound plasmas and do not require the presenceof a guiding

dielectric layer|the sheath region servesto guide the waves. Becauseof the rapid changein plasma

density within the sheaths,WKB-lik e theoriesof wave propagation are not easily applicable to these

waves.

With strong ¯elds concentrated at the plasma-sheathinterface,slow phasevelocity surfacewaves

are of particular interest as theseare expected to interact with the particles in the plasma strongly

through wave-particle coupling. Thus appropriately designedsurfacewave sourcesmay be able to

use kinetic plasma heating mechanisms. Such a kinetic heating mechanism have been observed in

simulations of electron seriesresonancedischarges|see Bowers et al [2]. (As noted by O'Brien et

al [3], resonanceslike the electron seriesresonanceare the cuto® of wave modes.) A secondkinetic

heating mechanism is demonstrated in Bowers [4].

Owing to the large areasand high frequenciesalready usedin somesurfacewave sources(seefor

exampleSugaiet al [5]), electrostatic theoriesof surfacewave propagation are not expectedto model

these devicesaccurately. Hence, the models developed in these articles are fully electromagnetic.

However, the relationship betweenelectromagneticsurfacewavesand electrostatic surfacewaves is

also obtained.

This article (Part I) exploressurfacewavesin the homogeneousmodel. The main characteristics

of this model are that a uniform plasma ¯lls the core of the deviceunder examination and this bulk

plasma is bu®eredfrom the walls by either a layer of vacuum or a uniform spacecharge sheath.

The homogeneousmodel and variants have been employed by many authors. The following is not

exhaustive but covers topics related to this article. Trivelpiece and Gould [1] used it to model

slow phasevelocity spacecharge waves in a cylindrical plasma column (seealso Trivelpiece[6] and
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Krall and Trivelpiece[7]). Moisan et al [8] use it to model a plasma-sheathsurfacewave sustained

plasma column. This has also beenextended to highly collisional atmospheric pressureplasmasby

Nowakowska et al [9]. Xu et al [10] and Cooperberg [11] employed a version of the homogeneous

model to explore electrostatic surface waves with a kinetic Vlasov theory. Bowers et al [2] used

the homogenousmodel to qualitativ ely examine transients and non-thermal heating in an electron

seriesresonant discharge. Other works have employed slightly simpler models for dielectric-on-metal

bound plasmaswhich neglect the spacecharge sheaths(seefor exampleGhanashevet al [12]).

The homogeneousmodel is useful here becausethe results are analytic, tractable and capture

the essential physics involved in a plasma-sheathsurfacewave|giving a foundation for the results

in Part I I. New results here include an analytic description of the \knee" in the electromagnetic

dispersion for long wavelength modes(also seenin the more elaborate plasma model of Part I I and

in the simulations of Part I I I) and the prediction of backwards wave modes in an unmagnetized

plasmas possessingunusally wide spacecharge sheaths. Useful derived results presented include

the dispersion relationships and the asympotitic forms for electromagnetic and electrostatic wave

propagation.

In Part I I (Bowers [13]), the warm non-uniform plasma model used by Parker et al [14] for

the °uid theory of electrostatic Tonks-Dattner resonanceoscillations and by Cooperberg [15] for

electrostatic surface waves is coupled to the Maxwell equations to model electromagnetic surface

waves in a warm non-uniform plasma. Next, the electromagnetic and electrostatic theories are

compared.

Part I I I (Bowers [16]) employs particle-in-cell simulation of long wavelength surface waves to

validate the modelsdevelopedin Part I I. Using the electrondensity pro¯le and temperature measured

in the ¯rst-principles simulations, the resonancesand dispersion are predicted theoretically and

comparedwith the noise(thermally) excited waves in the simulations.

Part IV (Bowers [17]) presents improved numerical techniques for calculating the warm non-

uniform plasma impedanceand wave dispersion.

Other notable early plasma-sheathresonanceand surfacewave works includes: the observation

of a spectrum of resonancesbelow the electron plasma frequency in a warm non-uniform plasma by

Tonks [18, 19] and Dattner [20], the observation of Tonks-Dattner surfacewave branchesin O'Brien

et al [3] and the kinetic theory of Tonks-Dattner resonancespresented by Baldwin [21] with mixed

results. Early theoretical e®ortsare chronicled in Vandenplas[22].
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Figure 1: HomogeneousModel Waveguide: This is the simpli¯ed device model for analytic com-
putation of electromagneticsurfacewave dispersion. A similar model was usedby Cooperberg [11]
to derive the dispersion of surfacewaves in a fully kinetic electrostatic model. The derivation here
is based on a °uid treatment of the plasma. Immobile ions uniformly ¯ll the device. Electrons
uniformly ¯ll the plasma bulk with the samedensity as the ions. Electron-depleted spacecharge
sheathsexist near the walls.

2 Cold Homogeneous Plasma Mo del

The plasma model used here is shown in Figure 1. In this model, immobile ions uniformly ¯ll a

metal parallel plate waveguide while a uniform cold electron slab neutralizes the ion charge in the

center. Electron depleted sheathsexist to the left and right of the electron slab.

The wavesof interest travel parallel to the sheath edgesbut have frequencieswell above the ion

plasma frequency. Thus, the sheathsmay be treated as a vacuum dielectric:

" r = 1 (1)

at the wave frequency while the bulk plasma may be treated as a uniform cold plasma dielectric

where the the ion contribution may be neglected:

" r = 1 ¡
! 2

p

! 2 (2)

" r is the relative dielectric constant; ! p is the electron plasma frequency in the bulk plasma and !

is the wave frequency.

This model captures the e®ectsof spacecharge sheathsand electron inertia. The dispersion of

wavesmay be calculated by treating the model as a dielectric loaded waveguide. Unlike a standard
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planar optical and microwave dielectric waveguides,the negative dielectric constant of the plasma

below the electron plasma frequencyallows slow phasevelocity modesto propagate.

Electron slab motion in this model is implicitly treated as a layer of surface charge at the

plasma-sheathinterface; this point is more extensively discussedin Bowers et al [2] (App endix A).

3 Disp ersion Relations

Transv erse Magnetic Mo des

Given the symmetry of the model in Figure 1, the waves do not have spatial variation in the y

direction but do vary in the x direction between the parallel plates. Thus, the wave electric ¯elds

(Ex and Ez ) and magnetic °ux (By ) at a time t may be expressedas:

Ex (x; z; t) = Re
h

~Ex (x)e| ( ! t ¡ kz)
i

(3)

Ez (x; z; t) = Re
h

~Ez (x)e| ( ! t ¡ kz)
i

(4)

By (x; z; t) = Re
h

~By (x)e| ( ! t ¡ kz)
i

(5)

where ! is the radian wave frequencyand k is the wave number.

Treating the sheathsand bulk plasma as isotropic homogeneousdielectric media, the Maxwell

curl equations, r £ ~E = ¡ @~B =@t and r £ ~B = (" r =c2)@~E=@t produce:

d ~Ez

dx
= | (! ~By ¡ k ~Ex ) (6)

~By =
! " r

kc2
~Ex (7)

d ~By

dx
=

|! " r

c2
~Ez (8)

where c is the speedof light in vacuum and " r is the relative dielectric constant. Rearranging yields

(as expected):
d2 ~Ez

dx2 ¡
µ

k2 ¡
! 2" r

c2

¶
~Ez = 0 (9)

The x-directed electric °ux ~D x = "0" r ~Ex is given by:

~D x =
|k "0" r

(k2 ¡ ! 2" r =c2)
d ~Ez

dx
(10)

Letting ®2 = k2 ¡ ! 2=c2 and ¯ 2 = ®2 + ! 2
p=c2 (the propagation constants in the sheath and in

the bulk respectively) and looking for slow wave solutions (! < kc), the solution of (9) in the left

sheath region is of the form:

~Ez = A0e®x + B 0e¡ ®x (11)
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and, in the plasma bulk, the solution is of the form:

~Ez = C0e¯ x + D 0e¡ ¯ x (12)

Here A0, B 0, C0 and D 0 are as yet undetermined constants. It should be noted that for the slow

wavesof interest ®2 and ¯ 2 are both positive.

Applying the usual boundary conditions (tangential E and normal D are continuous acrossin-

terfacesin the absenseof freecharge1 and tangential E vanishesat the surfaceof an ideal conductor)

to the above yields a dispersion relation and the wave mode structure. Given the symmetry of the

plasma slab, these waves possesseither a symmetric or anti-symmetric symmetry in ~Ez about the

midplane. In the following calculations, the anti-symmetric wave is explicitly treated. The analogous

results for the symmetric wave are also given when useful.

Applying the boundary condition ~Ez = 0 at the metal wall (x = 0) givesA0 = ¡ B 0. Similarly, the

anti-symmetric boundary condition ~Ez = 0 at the midplane (x = L=2) requiresC0ē L= 2+ D 0e¡ ¯ L= 2 =

0. Thus in the left sheath:

~Ez = A sinh®x (13)

and in the plasma bulk:

~Ez = B sinh¯
µ

L
2

¡ x
¶

(14)

A and B are undetermined constants.

Continuit y of ~Ez at the plasma-sheathinterface at x = s requires:

A sinh®s = B sinh¯ d=2 (15)

Consequently , in the plasma bulk:

~Ez = A
sinh®s

sinh¯ d=2
sinh¯

µ
L
2

¡ x
¶

(16)

Figure 2 qualitativ ely shows the ~Ez eigenmode pro¯le. The ¯elds are strongly concentrated at

the plasma-sheathinterface near the edge. Thus, this mode may be called a surface wave mode

or an edge mode. In the more re¯ned models in Part I I with a non-uniform plasma pro¯le, the

equivalent wavesare shown to be spacecharge oscillations and thermal Bohm-Grosswavestrapped

by the increasingdensity of plasma moving away from the sheath into the plasma bulk.

Using (10) to compute ~D x from the above ~Ez in the left sheath yields:

~D x =
|k "0A

®
cosh®x (17)

1Treating the plasma as a dielectric implicitly treats the electron slab as bound charges (see Bowers et al [2]
(App endix A)).
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Figure 2: Cold Plasma Surface Wave Mode Structure: This graph qualitativ ely shows the mode
structure for the anti-symmetric and symmetric modes. The strongest ¯elds are concentrated at the
plasma-sheathinterface near the waveguidewalls.

and in the plasma bulk yields:

~D x =
|k "0A

¯

Ã
! 2

p

! 2 ¡ 1

!
sinh®s

sinh¯ d=2
cosh¯

µ
L
2

¡ x
¶

(18)

Continuit y of ~D x at the plasma-sheathinterface givesthe anti-symmetric dispersion relation:

coth ®s =
®
¯

Ã
! 2

p

! 2 ¡ 1

!

coth ¯ d=2 (19)

Examination of (7) shows that continuit y of ~D x guarantees continuit y of ~By at the plasma-sheath

interface. Henceall ¯eld continuit y and boundary conditions have beenmet. Also continuit y of ~D x

implies a discontinuit y in ~Ex at the plasma-sheathinterace. A discontinuit y in ~Ex corresponds to a

layer of surfacecharge at the plasma-sheathinterface which represents the electron slab motion in

responseto the wave ¯elds (seeBowers et al [2] (App endix A)).

A parallel calculation for the symmetric mode givesthe dispersion relation as:

coth ®s =
®
¯

Ã
! 2

p

! 2 ¡ 1

!

tanh ¯ d=2 (20)

As expected, the dispersion relations for the two symmetriesbecomeincreasingly degenerateas

the bulk plasma width increases(d ! 1 ). Essentially the left and right sheathsact as individual

waveguidesfor slow plasmasurfacewave modeswhich are weakly coupled through the bulk plasma.

As the bulk plasma becomesthicker, this coupling is reduced.
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Transv erse Electric Mo des

The calculations for transverse electric modes are done similarly to the transverse magnetic case

given above. However, the boundary condition at the metal wall is now d ~Bz=dx = 0. Thus the roles

of coshand sinh are interchangedin the sheath from the transversemagnetic case.More important

though is that the relationship between ~Bx to ~Bz is slighly di®erent from the relationship of ~D x to

~Ez . This dramatically changesthe dispersion is shown below.

Analogous to the calculations done in the previous section, in the anti-symmetric case(in ~Bz

with respect to the midplane), ~Bz in the left sheath is given by:

~Bz = A cosh®x (21)

and in the plasma bulk by:

~Bz = A
cosh®s

sinh¯ d=2
sinh¯

µ
L
2

¡ x
¶

(22)

Likewise,in the left sheath ~Bx is:

~Bx =
|k A
®

sinh®x (23)

and in the plasma bulk ~Bx is:

~Bx = ¡
|k A
¯

cosh®s
sinh¯ d=2

cosh¯
µ

L
2

¡ x
¶

(24)

~Ey may be obtained from ~Ey = ¡ ! ~Bx =k.

Enforcing continuit y of ~Bx at the plasma-sheathinterface gives the antisymmetric transverse

electric dispersion relationship:

tanh ®s = ¡
®
¯

coth ¯ d=2 (25)

A similar calculation for the symmetric casegives:

tanh ®s = ¡
®
¯

tanh ¯ d=2 (26)

For slow waves,® and ¯ are both positive quantities. Thus, thesedispersion relations are never

satis¯ed for slow wave modes. As all transverseelectric modes here are fast waves, no transverse

electric modesexist in the electrostatic limit (c ! 1 ). Sinceslow wave modesare the focus of this

article, transverseelectric modesare not discussedfurther.

4 Asymptotic Forms

Small k Asymptote

Asymptotes for the waves are found by solving the dispersion relations in various limits. Looking

for the asymptotic form as k ! 0 and assumingthat ! ! 0 as k ! 0 (this is veri¯ed subsequently),
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coth ®s ! 1=®s and ¯ ! ! p=c. Thus, in this limit, (19) is:

1
®s

=
c

! p
®

! 2
p

! 2 coth
! pd
2c

(27)

Using ®2 = k2 ¡ ! 2=c2 and rearranging:

vph =
!
k

= c=

s

1 +
c

s! p
tanh

! pd
2c

(28)

Similarly, the asymptote for the symmetric mode is:

vph =
!
k

= c=

s

1 +
c

s! p
coth

! pd
2c

(29)

These asymptotes show that the electromagneticsurfacewave modes at low frequenciestravel

with group and phasevelocities slightly below the speed of light and the symmetric mode travels

slower (in both group and phasevelocity) than the anti-symmetric mode in this limit.

Also, the result is consistent with the assumption made to derive thesetwo asymptotes that as

k ! 0, ! ! 0.

Large k Asymptote

Another asymptote is the k ! 1 asymptote. Assuming ! ¿ kc in this limit (this is validated by

the result), ® ! k and ¯ ! k. In this limit, (19) becomes:

coth ks + coth
kd
2

=
! 2

p

! 2 coth
kd
2

(30)

For large k, the coth terms approach unit y. Thus, the dispersion relation becomes:

! = ! p

r
1
2

(31)

This relation also holds for the symmetric mode. Also, the assumption that ! ¿ kc in the limit

k ! 1 has beenvalidated.

5 Electrostatic Limit

Taking the limit c ! 1 gives the electrostatic limit. In this case,® and ¯ ! k. This greatly

simpli¯es the dispersion relationship.

For anti-symmetric modes:

! = ! p

s
coth kd=2

coth ks + coth kd=2
(32)
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For symmetric modes:

! = ! p

s
tanh kd=2

coth ks + tanh kd=2
(33)

The above results are the sameas the results presented in Xu et al [10] and Cooperberg [11]

in the limit of zero temperature. In those works, the dispersion was derived from a fully kinetic

electrostatic theory and veri¯ed with particle-in-cell simulation.

The large k asympotesof the above are unchangedfrom the electromagneticcase.However, the

small k asymptotes di®er.

For anti-symmetric modes:

! = ! p

r
2s
L

(34)

This is the electron seriesresonancefrequency. This explicitly shows the electron seriesresonance

frequency is the cuto® of the anti-symmetric surfacewave mode in the limit of electrostatic theory.

Extensive discussionsof the electron seriesresonancemay be found in Bowers et al [23], Bowers et

al [2], Qiu et al [24] and Bowers et al [2] (App endix A).

For symmetric modes:

vph =
!
k

= ! p

r
ds
2

(35)

This is analogousto behavior of m = 0 modesin an unmagnetizedcylindrical plasma-loadedwaveg-

uide (m is the azimuthal variation mode number). A discussionof such modes may be found in

Krall and Trivelpiece[7] (4.8.2).

6 Discussion

Figure 3 shows a graph of the dispersion and asymptotesderived here for the casewhere L=s = 16.

Of particular interest is that the predicted cuto®sfor anti-symmetric electromagneticmodesand

for the anti-symmetric electrostatic limit are di®erent. Explicit calculation of the electromagnetic

dispersionshown in Figure 4 from (19) and (20) shows that if c is treated asparameter and increased

corresponding to the electrostatic limiting procedure (physically, this is equivalently to the dimen-

sions of the system becoming smaller), the transition between the large k behavior and the small

k behavior becomesmore abrupt - forming a sharp \knee" in the analytic dispersion curves where

the wave phasevelocity approches the speed of light and the wave frequency is near the electron

seriesreasonance.This \knee" and di®erencein cuto®sis observed in a more complete warm °uid

model and explained in Part I I. This same behavior is also observed in the electromagnetic and

electrostatic particle-in-cell simulations of Part I I I.
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Figure 3: Cold Plasma HomogeneousModel Dispersion and Asymptotes: This graph shows the
results analytically derived for the homogeneousmodel waveguide in the s = L=16 case. The
electrostatic and electromagnetic symmetric dispersions are approximately degeneratefor all k.
The electrostatic and electromagneticanti-symmetric dispersionsdi®er for long wavelengths(small
k) with the electrostatic cuto® at the electron series resonance. For large k, all the dispersions
(electrostatic / electromagneticand symmetric / anti-symmetric) are approximately degenerate.

Another interesting aspect of the anti-symmetric modes is that in bounded plasmaswith very

wide sheaths(such that s > L=4), the electromagneticand electrostatic dispersionsboth predict the

surface wave mode is backwards for moderate k (that is, the phasevelocity is opposite the group

velocity). Such is shown in Figure 5. However, typically the bulk plasmawidth is much greater than

the combined sheath widths and thus backwards modesare not expected to seennormally. Such a

backwards mode might be seenat the interface of a ¯nite sized spaceplasma in which the sheath

width may be consideredto be e®ectively in¯nite. Backwards wave modeshave many applications

in ampli¯ers and oscillators but it is unclear whether or not such wide electron depleted regions

in a cold plasma could be easily produced in a laboratory device. The symmetric modes show no
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zero. This graph shows the kneein the dispersion getting sharper near the electron seriesresonance
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thesecurves,s = L=16.

backwards wave behavior.

Thermal e®ectsfor large k may be crudely incorporated into the wavesdiscussedhere by using

the warm plasma dielectric operator derived in Part I I (simpli¯ed here for the collisionlessuniform-

plasma case):

"̂ r = 1 ¡
! 2

p

! 2 +
° ev2

te

! 2 rr¢ (36)

In this operator, ! is the wave frequency, ! p is the peak electron plasma frequency, ° e is the high

frequencyratio of speci¯c heats (t ypically 3) and vte is the electron thermal velocity. For su±ciently

large k such that x variation in the wave ¯eld is much smaller that the z variation associated with

k, " r ¼ 1 ¡ (! 2
p + ° ek2v2

te )=! 2. Thus, for su±ciently large k, thermal e®ectsmay be modeled by
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plasma, thermal e®ectsare likely to make thesewavesforward wavesagain.

replacing ! 2
p with ! 2

p + ° ek2v2
te in the dispersion relations.

Applying this prescription givesthe thermal large k asymptotic behavior of the wavesdiscussed

in this article as:

! 2 =
1
2

! 2
p +

° e

2
k2v2

te (37)

For large k, thesewavestravel with a group velocity of vte
p

° e=2. The assumption ! ¿ kc usedto

derive the large k asymptotesis still valid asvte ¿ c in almost all situations. This asymptote applies

to both symmetries and to both the electromagnetic model and the electrostatic limit. It should

be noted that this asymptotic thermal group velocity of agreeswith the dispersion numerically

calculated from a warm °uid model of a non-uniform plasma slab (Part I I) and measuredin 2d3v

particle-in-cell simulations of thermally excited waves(Part I I I).
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Xu et al [10] and Cooperberg [11] did a fully kinetic model of such waves for the electrostatic

case. The results there have the same thermal large k asymptotic form for the wave frequency.

However, the Landau damping of such a wave is also given self-consistent there (Landau damping

is neglectedby the electromagnetic treatment here).

It should be noted that this prescription tends to counteract the backwards waves modes dis-

cussedearlier. Thus the backwards wavesare only likely to be seenin very cold plasmas.

7 Summary

In this article,the dispersion for slow phasevelocity surfacewaves in the planar cold plasma homo-

geneousmodel was derived analytically. Results of note include:

² The left and right sheathsof a boundedplanar plasmaact ascoupledwaveguidesfor transverse

magnetic slow phasevelocity surfacewave modes. The coupling decreasesas the bulk plasma

becomesthicker.

² There are no transverseelectric slow phasevelocity surfacewave modes.

² For the cold plasma homogeneousmodel, only two slow phasevelocity modesexist (the anti-

symmetric mode in ~Ez and the symmetric mode in ~Ez ).

² For long wavelengths (small k), the modes obey ! = kvph where vph is below the speed of

light. The anti-symmetric mode is faster than the symmetric mode for a given k.

² For short wavelengths (large k), the modes asymptote to ! = ! p=
p

2. If thermal e®ectsare

included, this asymptote becomes! 2 = (! 2
p + ° ek2v2

te )=2.

² In the electrostatic limit (c ! 1 ), the long wavelength behavior of the anti-symmetric mode

di®ersfrom the electromagneticprediction. In this limit, this mode asymptotesto the electron

seriesresonance.

² If the speed of light is treated as a parameter and increasedanalogousto the electrostatic

limiting procedure, the transition between the large k quasi-electrostatic behavior and the

electromagneticsmall k behavior becomesmore abrupt|forming a kneein the dispersionnear

the phasevelocity of light and the electron seriesresonance.

² When the sheath width becomesvery large (s > L=4), anti-symmetric backwards wave modes

are predicted. There are no symmetric backwards modes. The e®ectis likely greatly reduced

in a warm plasma.
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