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A radiation transport coupled particle-in-cell simulation. II. Simulation
results in a one-dimensional planar model
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The radiation-transport coupled particle-in-cell model is applied to one-dimensional planar model to
investigate the radiation trapping phenomena in relatively high- and low-pressure Ar glow
discharges. The radiation intensity spectra and the total radiation flux are calculated from the
radiative excited-state profile. The simulation results for Doppler and resonance collision
broadenings are compared with the eigenmode description of the Holstein equation, with good
agreement. Observed are the effects of radiation trapping of photons, diffusion, collisional
quenching, and step ionization from excited states on the discharge properties. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1373679#
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I. INTRODUCTION

Resonance radiation is an important energy trans
mechanism in lamp discharges, in which radiation efficien
ranges from 50% to 75%.1 In addition, radiation transport is
an important factor to improve the performances of plas
devices for lighting such as fluorescent lamps, plasma
play panels, and dielectric barrier discharges. Therefore,
necessary to develop a full plasma simulation including
diation transport and various collisions among species in
der to understand the basic physics and to improve the
ciency and photometric properties of such systems.

Many researchers developed radiation transport mod
and the history and the methods of the models are descr
in the preceding Part I. The simplest method to include
diation trapping effect is to use the effective decay rate w
the trapping factor of the lowest mode of the solutions of
Holstein–Biberman equation2–4 instead of the vacuum deca
rate.5 This method is adequate if the spatial distribution
the radiative excited-state density is close to the lowest m
solution of the Holstein-Biberman equation, but cannot r
resent the redistribution of the excited-state density by
radiation trapping effect. Another method is to treat the pr
lem with the Monte Carlo~MC! photon simulation,6,7 which
is useful for arbitrary line shapes, partial frequency redis
bution ~PFR!, and any complex geometry. The MC metho
however, has disadvantages in self-consistent tim
dependent radiation transport simulation with plasma m
tions due to its expensive computation cost. Instead of
MC method, Lawleret al. developed a numerical metho
called the propagator function method~PFM!,8 which solves
the Holstein–Biberman equation in a way similar to flu
models by adding the radiation transport term with a ker
function called a propagator. This method is faster than
MC method and capable of calculating the time-depend
evolution of the radiative state self-consistently.

In this study, the fluid description of the Holstein

a!Electronic mail:leehj@eecs.berkeley.edu
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Biberman equation is coupled with the particle-in-cell co
for planar geometry, XPDP1,9 using a PFM which is similar
to that of Lawleret al.8 The PFM of this model is modified
to be able to include arbitrary line shapes and applicable
any nonuniform distribution of the ground-state density.

The aim of this study is to verify the RT-PIC model an
to investigate the role of radiation transport in glow d
charges rather than to simulate a realistic fluorescent la
discharge; therefore, we simulate an Ar discharge due to
well-known discharge properties of Ar, even though it is n
a proper reaction gas for lamp discharges or lighting devic

We simulate relatively high- and low-pressure Ar dire
current ~dc! discharges where the Lorentz and the Dopp
line shapes are dominant, respectively. The line shape
emitted photons is broadened by the influences of the ph
cal condition of the ground-state atoms or any other distu
ing atoms. Two important line broadenings are Doppler a
pressure broadenings.10 Doppler broadening is caused by th
Doppler shift of light due to the thermal motion of th
photon-emitting atoms; the temperature of the ground-s
atoms affects the linewidth. Pressure broadening is in
enced by collisions with disturbing atoms. Therefore, t
densities of the same species or other species affect the
width. We classify the pressure broadening as foreign
broadening if the disturbing atoms are different species fr
the photon-emitting atom, and resonance collision broad
ing if the disturbing atoms are the same species. Both h
the dispersive line shape of a Lorentzian distribution, cal
the Lorentz line shape. Doppler broadening has a Gaus
distribution of line shape over frequency which is called t
Doppler line shape. The Doppler broadening is dominant
low-pressure regime and the pressure broadening is do
nant at a high-pressure regime. In the intermediate pres
regime, however, both pressure and Doppler broadenings
important. Thus, we should use the Voigt line shape wh
includes the effects of both. In this regime, the assumption
complete frequency redistribution~CFR! is not valid because
of the mixed broadening mechanism. Payneet al.11 and
9 © 2001 American Institute of Physics
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Post12 showed the discrepancy by comparing effective de
times from experiments with the theory results with the C
assumption for Ar and Hg, respectively. We assume CFR
this model and do not consider the Voigt line shape. A fut
study will include the Voigt line shape with the PFR assum
tion for the intermediate pressure regime.

We describe the input parameters and the simula
conditions of the low- and the high-pressure cases in Sec
The results of each case for uniform and nonuniform grou
state densities are presented in Sec. III. Radiation fluxes
spectra for both cases are discussed there too. In Sec. IV
compare the simulation result of the radiative excited-s
profile with Holstein’s eigenmode solutions for the Dopp
and the Lorentz line shapes. Finally, a summary and dis
sions are presented in Sec. V.

II. SIMULATION CONDITIONS

As described in Part I, we consider only two ener
levels of the first excited states of Ar (3s23p54s), one meta-
stable (3P2) and one radiative state (1P1), which has a
vacuum radiative decay timetv51.96 ns with a wavelength
l05104.82 nm. We simulate dc discharges with pressure
1 Torr and 10 mTorr where pressure and Doppler broad
ings are dominant, respectively. The simulation parame
and basic quantities of radiation properties for each case
listed in Table I. Because we consider only Ar species,
Lorentz line shape comes from resonance collision broad
ing where the linewidth is proportional to the absorbi
ground-state density. Uniform gas density and constant
temperature of 300 K is assumed, and the trapping fac
are calculated for a 1 cm planar gap with the approximat
equations from Molischet al.13

TABLE I. Simulation input parameters and other related physical quanti

Case 1 Case 2

System length,L ~cm! 1 1
Gas pressure,p ~Torr! 0.01 1.0
Applied energy source a b

Debye length,lDe ~cm! 0.04 0.0037
Time step for PIC-MCC,Dt ~ns! 0.025 0.01
Time step for RT,Dt r /tv 0.051 0.0051
Cell size for PIC-MCC~cm! 0.01 0.002
Cell size for RT,Dz ~cm! 0.01 0.01
Initial condition c d

Dominant broadening Doppler Pressure
Linewidth, Dn ~GHz! 5.59 1.208
Opacity,k0L 3.623102 1.133106

Trapping factor,g0 757.1 1.653103

Transmissione for a cell 0.14 0.0053
Diffusion coefficient (m2/s! 1.396 0.014

adc 25 V and weak electron beam injection~0.1 mA/cm2) which induces a
temperature-limited-mode discharge~Ref. 14!.

bdc 120 V and secondary electron emission by ion impact on the catho
z50.01 m, with a secondary electron emission coefficientgse50.2.

cZero plasma densityne5ni50, and zero excited-state densitiesnm5nr

50.
dUniform plasma densityne5ni51017 m23 and zero excited-state densitie
nm5nr50.

eTransmission factor for a cell sizeDz in uniform ground-state density
T(k0Dz).
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For low-pressure gas, Doppler broadening is more do
nant than pressure broadening because the Doppler linew
is much larger than the Lorentz linewidth, and the trapp
factor of the Doppler line shape is much smaller than tha
Lorentz line shape. At high pressure, pressure broadenin
more dominant than Doppler broadening.

From Paschen’s breakdown theory, it is well known th
no breakdown happens forpd,0.1 Torr•cm for a dc dis-
charge of Ar gas, wherep is the gas pressure andd is the gap
distance. In order to sustain discharges in the low-press
regime, an electron beam is injected from the cathode wi
current density of 0.1 mA/cm2 and a thermal energy of 0.5
eV ~case 1!. We are especially concerned with th
temperature-limited mode of a beam-driven discharge,14 in
which electron beams are accelerated in the cathode sh
to have enough energy to ionize neutral gas in the bulk
gion. In addition, the radial losses of electrons and ions
ambipolar diffusion and recombination at the wall is al
assumed in this case.15

In the high-pressure regime~case 2!, the breakdown is
triggered by the secondary electron emission by ion imp
collisions on the cathode instead of the injected elect
beam.

Electron impact collisions such as ionization, excitatio
elastic scattering, and ion impact collisions such as cha
exchange and scattering are simulated by the PIC-M
method. The model also includes the step ionization from
electron impact collision with excited-state atoms. Other c
lisions are treated with a fluid model. Atomic collisions b
tween neutral species include collisional quenching from
metastable to the radiative states, quenching from the exc
states to the ground state, and the ionization by the collisi
between excited states. The rate coefficients are listed
Table II.

III. SIMULATION RESULTS

A. Low-pressure discharge

The simulation results for the Doppler broadening ca
~case 1! are shown in Fig. 1. Att570 ms, the metastable
state is almost saturated, because of the large diffusion
At this time, the diffusion loss rate is almost similar to th
production rate. Because of the large diffusion loss and
smaller excitation rate than the ionization rate, the densi
of the excited states saturate earlier than those of elect
and ions. The resonant quenching rate is about 0.3% of
production rate, and the collisional quenching rate is l
than 0.02%, thus negligible. The step ionization from t
excited states is also negligible because of low metast
density compared with ground-state density.

s.

at

TABLE II. Collision processes of neutral atoms~from Table I of Ref. 16!.

Reaction Symbol Rate coefficient (m23/s!

Arm1e→Arr1e Kr 2310213

Ar1Ar* →Ar1Ar Kcq 3310221

Ar* 1Ar* →Ar1Ar11e Kiz 6.2310216
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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B. High-pressure discharge

The simulation results for the Lorentz broadening ca
~case 2! are shown in Fig. 2. In this case, the decay time
the radiative state increases more than a few thousand t
because of the large absorption coefficient. As shown in
2~a!, the metastable density almost saturates by 10ms be-
cause the loss rate by resonant quenching is high, while
diffusion loss rate is not dominant in this case, about 2.6%
the production rate. The collisional quenching rate is a
small, about 0.54%. The electron impact ionization from

FIG. 1. Simulation results of case 1 with the cathode atz50.01 m.~a! Time
evolution of spatially averaged densities of electrons~dotted! and ions
~dashed!, radiative~chain! and metastable~solid! excited states. The dens
ties of excited states are exaggerated by factor of 10.~b! Density profiles of
metastable~solid! and radiative~dashed! excited states,~c! density profiles
of electrons~dashed! and ions~solid!, and~d! time average potential profile
The profiles are obtained att570 ms.

FIG. 2. Simulation results of case 2 with the cathode atz50.01 m.~a! Time
evolution of spatially averaged densities of electrons~dotted! and ions
~dashed!, radiative~chain! and metastable~solid! excited states.~b! Density
profiles of metastable~solid! and radiative~dashed! excited states,~c! den-
sity profiles of electrons~dashed! and ions~solid!, and ~d! time average
potential profile. The profiles are obtained att515 ms.
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excited states is about 8.4% of that from the ground state
we increase gas pressure, this ratio increases; therefore
simulation of the metastable state is important for the evo
tion of the steady state. The important role of step ionizat
of the metastable atoms in argon glow discharges was
ported for simulations using fluid models.5,16

C. Radiation emission

Figure 3 shows the normalized spectra of the emit
radiation intensity at the cathode. Because of high-absorp
rate near the line center, emission from the wings is do
nant. The intensity ratios of ideal emission~without absorp-
tion, dashed line! to the real emission~solid line! are 0.11%
for case 1 and 0.058% for case 2, which have the same o
of magnitude as the inverses of trapping factors of the low
modes, 0.13% and 0.061% for each case.

The ohmic heating and radiation loss powers are listed
Table III for each case. The radiation power loss is 1.51%
the electron ohmic heating for case 1, and 2.53% for cas
therefore, it is observed that the radiation power loss in
glow discharges is very small compared with the power
livered to electrons by ohmic heating in the simulated para
eter regimes. Thus, photons do not play an important role
the energy transfer. The ratio increases as the electron en
loss due to the excitation collision increases. Also, for hig

FIG. 3. Normalized spectral radiation flux profiles at the cathode~solid! and
those of nonabsorbed line shapes~dashed! for ~a! case 1 and~b! case 2,
wherex is a normalized frequency which is defined asx52(n2n0)/DnL

and x52Aln 2(n2n0)/Dn D for Lorentz and Doppler line shapes, respe
tively. Here,DnD55.59 GHz for case 1 andDnL50.12 GHz for case 2.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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collisional system, the ratio increases for short discha
length because the radiation loss increases for the l
opacityk0L, wherek0 is the absorption coefficient at the lin
center andL is the system length.

D. Effects of nonuniform ground-state density

In order to investigate the effect of the nonunifor
ground-state density on pressure broadening, we simulat
change of the neutral gas density profile for case 2. We
sume three parabolic neutral gas density profiles for wh
total pressures in the system are homogeneous. Figu
shows the gas density profiles, the density distributions
the metastable and radiative excited states, and the radi
flux spectra at the anode wall, atz50. As the pressure nea
the boundary increases, the densities of both the radia
and the metastable states increase there. The density p
of the radiative state does not have big humps near
boundary, unlike the metastable profile, due to redistribut
by radiation transport.

Even though the radiative state density increases nea
wall for the high-gas density gradient case, the spectral

TABLE III. Power balance of dc Ar discharges. Here,L is the system length
which is 0.01 m in these cases,Je and Ji are electron and ion curren
densities, andE is the electric field.

Power loss (W/m2) Case 1 Case 2

Electron ohmic heating*0
LJe•Edz 24.91 947.62

Ion ohmic heating*0
LJi•Edz 3.35 38150

Radiation flux at the cathode 0.153 12.6
Radiation flux at the anode 0.223 11.4
~Radiation loss!/~electron ohmic heating! 1.51% 2.53%

FIG. 4. The variation of the neutral gas density profile for case 2.~a! Neutral
gas density profiles normalized to the density of 300 K, 1 Torr Ar gas,n0

53.2231022 m23. The ratios of the minimum to the maximum gas densit
are 1 ~solid!, 0.75 ~dashed!, and 0.5~dotted!, respectively.~b! Metastable
state density profiles,~c! radiative state density profiles, and~d! spectral
radiation flux profiles at the anode,z50 m. The normalized frequencyx is
2(n2n0)/Dn0

L , and Dn0
L is calculated from Eq.~12! of Part I with the

densityn0 .
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diation flux decreases as the neutral gas density incre
near the boundary because the reabsorption rate of pho
also increases near the wall.

IV. COMPARISON WITH HOLSTEIN’S SOLUTION

The radiation transport equation of radiative excit
state is

]nr~r ,t !

]t
5E~r ,t !2

1

tv
nr~r ,t !

1
1

tv
E nr~r 8,t !G~r ,r 8!dr 8, ~1!

where nr(r ,t) is the density of the radiative excited stat
G(r ,r 8) is the kernel~or propagator! function of the radia-
tive state, andE(r ,t) is the effective production rate. Th
second and the third terms on the right-hand side~rhs! rep-
resent the self-decay of the resonant state and the reab
tion of photons emitted from other positions, respective
E(r ,t) is defined as

E~r ,t ![Pr~r ,t !1¹•Dr¹nr~r ,t !1Krne~r ,t !nm~r ,t !

2@Kcqng~r ,t !12Kizn* ~r ,t !#nr~r ,t !

2Pr→ iz~r ,t !, ~2!

wherePr and Pr→ iz are the production rate of the radiativ
excited state by electron–neutral collisions and the loss
of the radiative state by step ionization by electron collisio
Dr is the diffusion coefficient,nm(r ,t) is the density of the
metastable state, andn* (r ,t) is the summation ofnm(r ,t)
and nr(r ,t). Kr , Kcq , and Kiz are the rate coefficients fo
quenching and atomic ionization as listed in Table II.

If we neglectE(r ,t) in Eq. ~1!, it is exactly the same as
the Holstein equation, for which the general solution is

nr~r !5(
j

a jc j~r !expS 2
t

gjtv
D , ~3!

wherec j (r ) is the eigenfunction,a j is the expansion coef
ficient, andgj is the trapping factor of thejth mode. For
planar geometry, the eigenfunction can be approxima
by sinusoidal functions.13 For even modesm52 j ( j
50,1,2,...),

cm~z!5A2

LF11
sin~lmp!

lmp G2 1/2

cosFlmp

L S z2
L

2D G ,
~4!

and for odd modesm52 j 11 ( j 50,1,2,...),

cm~z!5A2

LF12
sin~lmp!

lmp G2 1/2

sinFlmp

L S z2
L

2D G ,
~5!

andgj andl j can be calculated as shown in Molischet al.13

In this model, we consider the effective production ra
E(r ,t) also as defined in Eq.~2! so that the steady stat
equation becomes

E~r !5
1

tv
nr~r !2

1

tv
E nr~r 8!G~r ,r 8!dr 8. ~6!
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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If we expand the steady-state quantities with the eigenfu
tions of Holstein’s solution

nr~z!5(
j

a jc j~z!, ~7!

E~z!5(
j

b jc j~z!, ~8!

and

E c j~r 8!G~r ,r 8!dr 85S 12
1

gj
Dc j~z!. ~9!

Therefore, Eq.~6! can be represented as

a j5tvgjb j , ~10!

for the jth mode. With this relation, we can compare t
radiation trapping result of the radiation transport coup
particle-in-cell ~RT-PIC! model with Holstein’s eigenmode
solution. Equation~10! is valid only for the steady state. I
order to determine the steady state, we introduce the rela
change of the radiative state density at thekth cell

dk~ t !5
nk

(t)2nk
(t2Dt)

nk
(t)

5
Dt

nk
(t) FEk

(t2Dt/2)1
1

tv
S (

m51

Nc

Akmnm
(t2Dt/2)2nk

(t2Dt/2)D G ,

~11!

and the summation over total number of cellsNc

d~ t !5
1

Nc
(
k51

Nc

dk~ t !, ~12!

which goes to zero at steady state.
The comparisons of simulation results at steady s

with Holstein’s solution are shown in Figs. 5 and 6. T
relative change of radiative state densityd is 3.431027 for
case 1 at 70ms and 1.031027 for case 2 at 15ms. Figures
5~a! and 6~a! show the densities of the radiative excited st
of each case compared with the lowest eigenmode and
summation of the first 20 modes of Holstein’s eigenfunctio
For both of the cases, the eigenmodes represent the de
profiles very well, and the lowest mode is dominant. Figu
5~b! and 6~b! show the effective production rate profiles
each case compared with the lowest eigenmode and the
mation of the first 20 modes of Holstein’s eigenfunction. T
eigenmode description is adequate for the effective prod
tion rate profiles, too. Figures 5~c! and 6~c! compare the
left-hand side~lhs! and the rhs terms of Eq.~10!, and Figs.
5~d! and 6~d! shows the relative errors of each mode which
defined as

« j5~tvgjb j2a j !/a0 , ~13!

for the jth mode. The relative error of the lowest mode f
the Doppler line shape~case 1! is 0.11%, and that for the
Lorentz line shape~case 2! is 1.83%, which are within the
allowable error limit. These small errors exceed the expl
Downloaded 27 Jun 2001 to 141.223.180.14. Redistribution subject to A
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error limit from the measurement of steady state and fr
the approximation of the eigenmode and trapping factor.

In Fig. 7, we compared the results of the full radiatio
transport simulation with the results obtained without rad
tion transport, and with a simplified radiation transpo

FIG. 5. Comparison results of case 1 at 70ms with a fitting equation from
Ref. 13 for the solution of the Holstein equation.~a! Density profiles of
radiative excited state~solid! and the lowest mode of Holstein’s solutio
~dashed!, and the summation of the first 20 modes~dotted!. ~b! Effective
production rate~solid! and the lowest mode representation for it~dashed!,
and the summation of the first 20 modes~dotted!. ~c! Expansion coefficient
for each mode and corresponding quantity with effective production rate
Eq. ~10!, and~d! relative error calculated with Eq.~13!.

FIG. 6. Comparison results of case 2 at 15ms with a fitting equation from
Ref. 13 for the solution of the Holstein equation.~a! Density profiles of
radiative excited state~solid! and the lowest mode of Holstein’s solutio
~dashed!, and the summation of the first 20 modes~dotted!. ~b! Effective
production rate~solid! and the lowest mode representation for it~dashed!,
and the summation of the first 20 modes~dotted!. ~c! Expansion coefficient
for each mode and corresponding quantity with effective production rate
Eq. ~10!, and~d! relative error calculated with Eq.~13!.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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model with an effective decay rate 1/g0tv . Each case is
equivalent to the replacement for Eq.~1! with

]nr~r ,t !

]t
5E~r ,t !, ~14!

or

]nr~r ,t !

]t
5E~r ,t !2

1

g0tv
nr~r ,t !. ~15!

For the low-pressure case, the lowest mode is very c
to the exact solution as shown in Figs. 5~a! and 5~b!. Thus,
the approximation using the effective decay rate 1/g0tv pro-
duces almost the same results as the full simulation du
small radiation trapping. For the high-pressure case, h
ever, the discrepancy between the lowest mode and the e
solution is not negligible as shown in Figs. 6~a! and 6~b!.
Therefore, the approximate result shows significant diff
ence. There are many models using this approximation
lamp discharges or laser induced plasmas, but they are
appropriate if the density distribution of the radiative sta
has a big difference from the lowest mode profile of H
stein’s solution. The discrepancy becomes severe for
nonuniform ground-state density profile as shown in F
4~c!.

As shown in the dashed line of Fig. 7, the results w
Eq. ~14! show a large discrepancy with the exact solution
we do not consider the metastable and radiative states s
rately in the excitation cross section, the obtained excit
state density is described by Eq.~14!, which overestimates
the excited-state density. Many plasma models treat the
cited state in this way, and therefore, are not adequate fo
simulation of lighting devices.

FIG. 7. Time evolutions of the radiative excited-state density for full rad
tion transport simulation~solid! from Eq.~1!, for a trapping factor correction
in decay rate~dotted! from Eq. ~15!, and without radiation transpor
~dashed! from Eq.~14!, for ~a! case 1 and~b! case 2. Density distribution o
the radiative excited state for~a! case 1 at 15ms, and~b! case 2 at 70ms. In
~a!, ~c!, and~d!, the dashed lines are reduced by factor of 10.
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V. SUMMARY AND DISCUSSIONS

We present simulation results of the radiation transp
coupled particle-in-cell simulation for the one-dimension
planar model. This model is applied to simulate Ar glo
discharges in two pressure regimes where Doppler and p
sure broadenings are dominant, respectively. The radia
flux spectra are calculated from the radiative state distri
tion, and the total radiation power losses are compared w
the ohmic heating of plasmas. The ratio of radiation powe
the electron ohmic heating is below 3% for the parame
regime of our simulation.

The simulation results are compared with the eigenm
solution of the Holstein equation for the steady state,13 and
they agree well with each other within 2% of error.

For the low-pressure case, the lowest eigenmode re
sents the exact profiles of the radiative state and the effec
production rate very well. Therefore, the approximation u
ing the effective decay rate of 1/g0tv is valid. For the high-
pressure regime, the deviation between the lowest eig
mode and the exact solution is not negligible, and a f
radiation transport simulation is necessary. The deviation
creases for nonuniform ground-state distributions wh
have higher density near the boundary than at the cente

The numerical calculation of the radiation transpo
model is expensive only for the calculation of the mat
elementsAkm , which is the probability for a photon emitte
from themth cell to be reabsorbed in thekth cell. The CPU
time needed to evolve the excited states is very small c
pared with that needed to move plasma particles in the P
MCC model, because the former depends on the numbe
cells for the radiation transport simulation and the latter
pends on the number of simulated particles. For suffici
statistics, we use more than 104 super particles, each o
which represents a large number of real particles (105– 108).

When we consider a static ground-state density, we
culate the matrix elementsAkm only once at the beginning o
the simulation; thus the radiation transport calculation d
not affect the simulation speed. However, when we cons
a time-varying ground-state density for a more se
consistent model, we should recalculate theAkm elements for
every neutral gas evolution time step,Dtg , thus affects the
simulation speed.

When we simulate case 2 given in Table I using a P
tium PC with a 400 MHz processor, it takes about four da
to reach 15ms. In this case, the CPU time needed for t
radiation transport part is less than 5% of that for the P
MCC part.
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